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Abstract 

The non-relativistic Chern-Simons theory with the single-valued anyonic field is 
proposed as an example of q-deformed field theory. The corresponding q-deformed 
algebra interpolating between bosons and fermions,both in position and momentum 
spaces, is analyzed. A possible generalization to a space with an arbitrary dimension 
is suggested. 
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In the last few years considerable interest has been devoted to non- commutative 
geometry and quantum groups |2| ,both in mathematics and physics. The mathe- 
matical knowledge is rapidly growing up. On the other hand,the role of these remark- 
able mathematical structures in physics is still not clear. Moreover, their connection 
with fundamental physical concepts and laws is missing. 

Anyonic physics || in the Chern-Simons description can be viewed as a 
particular realization of these ideas, although in 2+1 dimensions only. As was shown 
in the anyonic graded-commutation algebra represents a typical q-deformed 

structure || ,with q being a unimodular complex parameter, determining the type 
of intermediate anyonic statistics. For consistency of this approach, it is essential that 
anyons are multi- valued objects ||. 

In this paper we present another type of q-deformed field theory that can be 
generalized in different directions. We start with the non-relativistic Chern-Simons 
theory. Using the single- valued transformation we obtain a different type of anyonic 
field. The corresponding graded-commutation relations for this anyonic field are a 
generalization of those for quantum-group particles @-We point out that our 
anyonic field is a single- valued object defined on the ordinary 2+1 space-time. This 
field is not free and the corresponding commutation relations in momentum space are 
non-local. Furthemore, we construct 1Z -matrices for anyon operators both in position 
and momentum space and show that they satisfy the Yang-Baxter equation and the 
Hecke condition. Finally, we investigate the origin of the transmutation from bosons 
to anyons ( or fermions to anyons) and suggest a generalization to a space with an 
arbitrary number of dimensions. 

The quantum-mechanical problem of non-relativistic bosons interacting with 
the U(l) gauge field described by the Chern-Simons Lagrangian has been formu- 
lated and solved by Jackiw and Pi J/J. They have shown that the corresponding 
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Hamiltonian can be reduced to the following form: 



H = d 2 r[(V - « A(r )) ^(f )] f [(V -il(fp(f)]. (1) 

The quantum field operator \P(r ) and its hermitian conjugate ^(r ) obey the 
bosonic commutation relations at equal times: 

[¥(f), tt(f')] = 0, 

[*(r) , ^ f (f')] = 5(r-r') . (2) 

The vector potential A can be completely described by the bosonic-number 
density operator p : 



A(f) = -Anx 

j | r — r ' 
p(f) = ^(f) *(f) , 



p(f') d 2 r' , 



(3) 
(4) 



where A is the so-called statistical parameter, and n is the unit vector or- 
thogonal to the plane. In other words, the gauge field has no independent dynamics. 

Now we introduce a new field \&(r ) by performing unitary transformation, i.e. 
by the phase redefinition of the bosonic field \&(r ) : 



= e~ i0J ^ , (5) 

where 



w(f) = ~ A / d 2 r' e{r-r')p{r') . 



(6) 



Here 9(f) is the polar angle of the radius vector r in respect to the positive 
x-axis; it is defined as a single-valued function and with < 9(f) < 2tt .In this way 
we have introduced a cut along the positive x-axis, which induces additional, residual 
interactions. Then we find that 



Vu(r) = A(f ) - A res (r ) , (7) 
where the residual vector potential is given by 

_, POO 

A res (f)=2n\j dx'p(x',y). (8) 

Jx 

Here i,j are unit vectors along the positive x- and y-axis,respectively.In this way 
we obtain the following Hamiltonian for the new field \I/(r ) : 



H = -|rfV[(V-^I res (f))^(f)]t[(V-zI res (f))^(f)]. (9) 

Note that B = V x A res = 2tt A h p(f) , i.e. that the magnetic field B does not 
change under the transformation (0) . 

The commutation relations (0) written in terms of the new field \&(f) are 
now modified as 



^(f)^(f' ) - e- iXA( '"- r "">y(?')y(f) = 0, 

$(r)q\r') - e iXA ^- f '^\f')^(r) = S(r-r'), (10) 
where A denotes the difference 



A(f-f') = 9(f-f')-9(f'-f) 
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I -7rsgn(y -y') if y - y' ^ 
1 — 7rsgn(x — a/) if y — y' = . 

We point out that the antisymmetry of the A(r ) function is a necessary and 
sufficient condition for the consistency of the above graded- commutation relations. In 
a multi-valued picture , A is a multi-valued constant, i.e. 

A = {7r(l + 2z),z G Z} satisfying the antisymmetry condition in the sense of the 
set equality A = — A . 

In the above approach, the grading factor is not a multi-valued constant but 
a single- valued function of difference of the appropriate coordinates. 

We interpret the \l/(r ) field as a new type of anyonic field, or the q-deformed 
field ( quantum-group field). This new field is a generalization of the finite-dimensional 
quantum spaces with coordinates ipii V'lj • • • VVu 4>n satisfying the relations || 



il)ii>i = ipiipi, l<i<n, 

= q~ lr 4>jipi , = Q^j^i , 1 < i < 3 < n, 

| q |= l iQ m = 1. 

In this way, finite-dimensional quantum spaces are generalized to infinite-dimensional 
quantum spaces by the graded- commutation relations flTOp . Hence, formally, we 
have 

&->tt(r*), ^->¥(r") (13) 

and 

q^e' iXn , -7rsgn(i- j) -+ A(r-r') . (14) 

The structure of the 2+1 space-time is not changed. If f—r' ,the field \l/(r) be- 
haves as a bosonic field, whereas for f^f' ,it behaves as a q-deformed field obeying 
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fractional statistics for q ^ ±1 .The graded algebra (|H]) is different from the quon 
algebra @, § . 

We note that if we had chosen the fermionic field instead of the bosonic field 
\& , as a generic field for anyons in Eq. (|5]) , our q-commutator algebra (10) would 



have changed the relative sign between bilinears, transforming q-commutators into 
q-anticommutators. An immediate consequence is the appearance of the hard- core 
condition for any value of A , including even the bosonic case ||.This can be under- 
stood as a counterpart to the absence of any hard-core condition (even for fermions, 
A = 1 ) in the bosonic-based approach. Hence, in both approaches,the continuous 
interpolation between ordinary bosons and fermions is not fully achieved. In fact, 
the anyonic field, Eqs. @ and @ , with A = 1 ,is the same as the continuum limit 



of the set of oscillators in Green's ansatz for para-Bose statistics |L0 . 

It is interesting to note that both approaches can be unified into one for 
f^f' .Then 

e iAA = cos Xir + i— sin Xn . (15) 

The substitution A = A' + 1 mod 2 leads to the q-fermionic algebra. This can be 
viewed as a complexification of the quon algebra of Greenberg ||. 

Operating on the vacuum,the anyonic operators ty>(f) create a single- valued 
quantum state. For example, a two-particle state is given by 

*(fi,f 2 ) = ^ f (fi) &(r 2 ) |0 > 

= <f* A *t(^) ^t(f 2 ) | > . (16) 

We note that this state changes phase by ±Xn when two particles are inter- 
changed, depending upon the rotation being clockwise or anticlockwise. The N-particle 
state can be constructed analogously: 

*(fi, f 2 , . . . , f N ) = e -i^i<m-?i) tf(f x ) <$\(f 2 ) . . . m\? N ) |o > . (17) 



The single-valued phase factors in (|T6|) or (|TTD are a one-dimensional representation 
of the braid group JJ. 

Using the q-commutation algebra ((TOj) it is easy to verify that all anyonic 
states in position space have a non-negative squared norm. 

For completeness , we want to formulate and analyze the q-deformed alge- 
bra ([II]) in momentum space. Hence, we should Fourier transform the non-relativistic 
fields ^(r ) and \&(r ) .The corresponding annihilation operators are 

a(k) = — f cfre-*%(r) , 

a(k) = - f fre-'^tf) . (18) 
2ir J 

In terms of these operators, the q-deformed algebra ( |TU] ) translates into 

a{p)a{q) - — j ' d 2 k J d 2 r e~ iXA ^- i%r a{q + k)a{p-k) = 0, 
~a{p)~a\q) - J d 2 k J d 2 re lX ^ ) ~ i ^ a\q - k)~a{p - k) = 8{p- q) . (19) 



Let us use the notation 



— f d 2 re iX ^)-*k? = e £M(k) ) (2Q) 



4tt 2 

where Ai(k) is the Fourier transform of A(r ) : 

M{k) = — [ d 2 re~ i ^A(f) 
2tt J 



Then we find that 



2mS(k x )V^. (21) 

Ky 



e ^M(k) = cos ^x)5(k) - - sin(TrA) 5(k x ) V-^ . (22) 

7T Km 



Hence, the q-commutation relations in momentum space transform into 

a(p)a(q) — cos(n \)a(q)a(p) 
1 , . , . f 00 dk 



TV 

a(p)a}(q) — cos(7rA)a*((f )a(p) 
1 . , . s „ r°° dk 



— a(q + jk)a(p — jk) = 0, 

-OO ft 



] poo fj^h 

H — sin(7rA) V \ — a) (q — jk)a(p — jk) = S(p — q) . (23) 

7T J-oo k 

If sin(7rA) ^ , there is a continuum of contributions along the k y momentum. This 
non-locality in momentum space is a consequence of the r -dependence in the 



grading factors in fllPD , i.e. A(r ) ^ const . 

Closer inspection of Eq. (|23J) at the point of coincidence, i.e. p — q, shows that 
the fermionic field (A = lmod2) indeed satisfies the expected hard-core condition. 
For intermediate A , sin(7rA) ^ , a new unexpected "sum rule" emerges for the 
operator bilinears at the same point in momentum space : 

9/_w , sinfyrA) ^ f°° dk * . 

d 2 (p)(l -cos(ttA)) i — '-VI — a(p + jk)a(p-jk) = . (24) 

TV J-oo k 

No hard-core condition appears directly , even if we start with the q-anticommutator 
algebra in position space. 

The connection between the momentum operators a(k) and d(k) is 

o(jfe) = — f dVe-^-^vf^) 
2ir J 

= J d 2 k'e-^*$- %,) a{k') , (25) 

where 

u){k) = -2it\6{k) p{k) (26) 

and 



= 2n5(k) + — tana + -M(k) , (27) 

P(k) = ^ / d 2 r p{r) 

= — f d 2 k'a\k')a{k + k'). (28) 
2n J 

Here a is the polar angle between the k and the positive k x axis , and A4(k) is 
given by Eq. (pTJ) . Hence 



a(k) = a{k)+t\Jd 2 k'9{k-k')p{k-k')a{k') 



+ ^rr I d 2 k'd 2 k" [9p](k-k")[9p](k" -k')a(k') + ... , (29) 



2 

where we have formally expanded the exponential kernel in Eq. (|25|) in powers of 
the statistical parameter A . 

Now we can use the conventional Fock-space method to construct multiparticle 
states in momentum space by acting of the af(p) operators on the vacuum. For a 
two-particle state, for example, this yields 

a){p x )~a\p 2 ) |0 > = [ d 2 k [ d 2 re- ixe{ ?)-^ a Uft + k)a\p 2 - k) |0 > . (30) 

2tt J J 

It is not obvious that this complicated structure, in contrast to the correspond- 
ing structure given by Eq. (|17]) in position space, possesses the braiding property. 
However,braiding is still present. To show this, let us mention that q-commutator al- 
gebras both in position space Eqs. ([Li]) , ([□]) and in momentum space Eqs. (p3|) can 
be written in the 7£-matrix approach ||11|| : 

*(ri)f(f 2 ) - J d 2 x J d 2 y1l(r 1 ,r 2 ,x 1 y)^(y)^(x) = 0, 
f(ri)*t(f 2 ) _ [ d 2 x [ d 2 yn(y,r u r 2 ,x)&(y)^(x) = S(f t - f 2 ) . (31) 



The 1Z -matrix in position space is given by 

n(n,f 2 , r 3 , r 4 ) = e' lXA ^-^ 8(n - f 3 ) 8(f 2 - r 4 ) (32) 



and the 1Z -matrix in momentum space is given by 

7£(fci, k 2 , k 3 , h) = 5(k 3 + £ 4 - ki - k 2 ) 

x [cos(7i\)5(k 1 -k 3 ) + - sin(TrA) 5(k 3x - fc l!B ) V 1 ] . (33) 

In order that the above 1Z -matrix algebra be associative, the following conditions 
have to be satisfied: 

(i) Yang-Baxter equation: 

/ / / WVA H{r h r 2 , 3, y ) U { y, 3, ft, ft ) R(f , ft, ft, ?) 

d 2 xd 2 yd 2 z TZ(r 2 , f 5 ,x,y) TZ(z, x, r 6 , f 3 ) K(ri,y, z, f 4 ) , (34) 



(ii) hermiticity: 

TZ(ri,f 2 ,r 3 ,n) = TZ*(n,f 3 ,f 2 ,fi) , (35) 

(iii) Hecke condition 
d 2 xd 2 y £(fi, f 2) x, y ) 7£(f, y, r 3 , f 4 ) = <J(fi - r 3 ) 5(f 2 - r 4 ) , (36) 

or symbolically: 

(£ - 1) (K + 1) = 0, 

where 

11 = PTZ and 

P(fi,f 2 ,f 3 ,n) = S(fi - f 4 ) S(f 2 - f 3 ) . 

It is straightforward to show that the 7£ -matrices (^) and (|33| ) satisfy all the 
above conditions both in position and momentum spaces. Hence this proves the 
braiding properties both in position and momentum spaces. 

9 



In order to analyze the origin of the q-deformed algebra (|T0D , we introduce a 
new field $(f ) defined as 

$(f ) = e- iuJ '^V{r ) , (37) 

with 



Then, 



where 



J(f) = -\ f d 2 r' arctan ^ — V - p{? ) . (38) 
J x — x' 



Vu/(f ) = A(f) - A' res (f ) , (39) 



Kes(r) = rtXi dy'sgn(y - y') p(x, y') . (40) 

J — oo 

The A' res potential originates from the cut along the y-axis. 

The field $(r ) remains bosonic, satisfying the same commutation relations as 
\&(r ) in Eq. (0) .This follows from the fact that arctan H is a symmetric function 
under the inversion r — > —r .Hence, A(r ) = .The Hamiltonian of the new bosonic 
field $(r ) is not free because of A' res . Note that B = VxA' res = 27rAn p(f ) , i.e. the 
magnetic field does not change under the transformation ([57]) . Hence all the physical 
consequences are the same as for the initial non-relativistic Chern-Simons theory. 

Finally, we connect the q-deformed anyonic field ^f(f ) with the bosonic field $(r 

§(r) = e -*Mr)--'(r)] ) ( 41 ) 

where u(f ) and u/(r ) are given by @ and (|38|) Respectively. 
The effective kernel in the expression u;(r ) — u/(r ) is 



e ff(f) = 9(f) — arctan( — ) 

3? 



7T - f sgn(xy) - fsgn(y) if y ^ 
f(l — sgn(x) ) if y = 
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(42) 



It is important to note that only the antisymmetric part of 6 e ff deforms the commu- 
tation relations, yielding A(r ) given by Eq. (|TT| ) .The effective kernel 9 e ff changes 
the cut along the positive x-axis into the cut along the y-axis, and vice versa. Hence 9 e ff re- 
lates A res ^0 J\. res . 

The origin of the transmutation from bosons to anyons ( or fermions to 
anyons ) is in the antisymmetric part of the angle function. This suggests a general- 
ization of the above construction for a two-dimensional space to a space lZ n with 
an arbitrary number of dimensions n . 
Let x = (xi, . . . x n ) e 1Z H , then we define 



9 eff (x - x' \ 



Sgn(x n ^n) ^ ^ n ~f~ 

sgn(x n _i x n _i) if x n = x n 



sgn(xi — x'J if x n = x[ 



(43) 



X2 = X 2 

if x — x' 



n ) 
I 



The interpolation between bosons and fermions is achieved by \P(r) given by 
Eqs. © , (|) and §§ . 

The N-particle anyonic wave function for f\ ^ rj 2 7^ . . . 7^ has a simple 
form expressed in terms of the bosonic field \&(r ) , 

&{r h )&{r i2 )...¥{r iN ) |0 >= 
= e -ix^ a<8 e eff (r ia -f i0 ) ^t^) ^t( f2 ) _ _ _ ^t( fiV ) | > 

= e iX2n[^^-P(i 1 ,...i N )] ^t(^) $t( f2 ) _ _ _ ^t(^) | > (44) 

Here ii, . . An is the permutation of indices 1,2, ... N , and P(i%, . . . ijv) denotes 

the number of inversions in permutation z 1; . . . in respect to the normal order 

1,2, ...N , defined by 9 e ff(f a — rg) = +1 iff a > /3 .The braiding properties 
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hold both in position and momentum space, since the corresponding TZ -matrices 
satisfy the Yang-Baxter equation and the Hecke condition. The properties of the 
free Hamiltonian with such a q-deformed field are under investigation. 
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